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Abstract: Deep Cement Mixing (DCM) is widely used in urban infrastructure construction such as deep excavation and 
tunnelling. The variability of the properties of natural soils, combined with uncertainty and inaccuracy of construction 
operation of deep soil mixing, leads to non-uniformity of the binder distribution in the deep cement-mixed soil, there-
fore, the often highly variable strength. This study investigates the point level of the unconfined compressive strength of 
cement-stabilized soils. A statistical approach to evaluate the heterogeneous strength of cement-admixed marine clay is 
proposed. The unconfined compressive strength of cemented clay is regarded as a random variable with the probability 
density distribution being assumed as the lognormal distribution. Particularly, the curing time effect is considered in the 
approach. A simple time-dependent probability density distribution is proposed, with only the mean value changing to 
account for the curing time effect.   
Keywords: Cement-treated marine clay; Unconfined compressive strength; Curing time effect statistical analysis; Ran-
dom variable 
1. Introduction 
It is important to maximise the use of underground space in metropolises (e.g. Shanghai, Singapore) for further 
development of the society. For instance, around 25% of the land area in Singapore is underlain by soft marine clay 
with the undrained shear strength ranging from approximately 15kPa to 35kPa
[1]
. Due to its high-water content, high 
compressibility and low shear strength, dealing with marine clay poses many difficulties for Civil Engineers. Under-
ground space construction such as deep excavation and tunnelling for MRT has been a challenging issue in these soft 
soil areas, especially where there are many buildings around the construction. It is because that any form of disturbance 
to the soil might induce ground movement, which may lead to cracks or even collapse of the nearby infrastructures. In 
this situation, ground improvement for soft soils is necessary before underground construction to prevent collapse as 
well as minimise ground movements and disturbance to nearby structures. 
Deep Cement Mixing (DCM) is a commonly used technology in ground improvement by introducing cementi-
tious binder to the soft soils. DCM typically takes place by mechanical dry mixing, wet mixing or, grouting
[2—4]
. Dry 
mixing is available in the sites where water content is high. Wet mixing is recommended for sites with deep water table 
locations or dry and arid environments. Grouting has been adopted for ground strengthening or excavation support
[3,5]
, . 
To control the quality and the cost of the underground construction as well as reduce the impact to the environment in  
duced by the construction, stiffness and strength are two most critical properties for the cement improved soil. The 
stiffness has been studied by many researches
[6—12]
. The strength of cemented clay in DCM has also been extensively 
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investigated
[9,13—16]
. The unconfined compressive strength is usually treated as invariable for given curing days. How-
ever, for the deep-mixed soil mass, highly variable strength is often observed due to the non-uniform binder distribution 
in the columns. Both in-situ cases and physical model tests reported that the concentration of binder and spot strength of 
the DCM columns is highly variable
[17—24]
. Some key factors will lead to the spatial variability, e.g., the variability of 
the properties of natural soils, the uncertainty and inaccuracy of construction operation of DCM. Therefore, the range of 
strength variation of cemented soil is usually much larger than that of natural cohesive soil. In design, this heterogeneity 
of the stabilized soil poses challenges for the Engineers. This is because the strength of stabilized soil as a mass can-
not be thoroughly evaluated from the unconfined compressive strength of cored specimens. 
Some statistical approaches are studied to deal with this problem
[17,25-27]
. For instance, Liu et al.’s (2008) work[26] 
was extended from the following strength function of cement-admixed marine clay 
                                    (1) 
where qu is the unconfined compressive strength of cement-admixed marine clay; q0, m and n are experimentally fitted 
values; = mass ratio of water in cemented admixed soft soil; = mass ratio of cement; = mass ratio of soil. Fig-
ure 1 shows the phase relationship among w, c and s within a cement-admixed soil sample. Eq. 1 was proposed by
[15]
. 
However, the curing time effect of cement-admixed marine clay has not been considered by Eq. 1. In this regard, 
[16]
 
and
[9]
 proposed the following evaluation model for Ordinary Portland Cement treated marine clay: 
                (2) 
where q∞ is the long-term value for q0; α is the initial rate of increase in q0 with time; r is a fitted index. Based on 
Xiao et al.’s (2014) work[16], the basic parameters in Eqs. 1 and 2 for cement-admixed marine clay are listed in Table 1. 
Based on Eq. 2, this study examined the statistical behaviour of the cement-admixed marine clay. The curing time 
effect is taken into consideration. Finally, a statistical evaluation model for the time-dependent strength of ce-
ment-admixed marine clay is proposed.  
 
Figure 1. Illustration of soil, water and cement within a cement-admixed soil sample (left) randomly distributed within a sample, 
(right) schematic illustration of the phase relationship 
2. Statistical analysis of strength function 
For a given point of a cement-admixed marine column, the unconfined compressive strength qu can be predicted by 
using Eq. 2. To make it amenable to statistical analysis, Eq. 2 can be rewritten as 
                      (3) 
It can be found that the there are several terms on the right-hand side of Eq. 3. At a given curing time, there are 
only three state variables, that is, the mass ratios of cement, water and soil (i.e. c, s and w). Based on large volume of 
centrifuge model test data (see [28]), the mass ratio of cement in an admixture generally follows the normal distribution. 
However, no information on the distribution of s and w is found. In this regard, as shown in Figure 1, the distribution of 
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the three components within a sample should be symmetric. Without other information, it is not unreasonable to as-
sume both s and w also follow the normal distribution. Even so, the analytical probability density distribution (PDF) of 
qu in Eq. 3 is unlikely to be achieved. Nevertheless, the term ln(qu) may be assumed to follow the normal distribution 
according to the central limit theorem. This theorem states that, when independent random variables are added, their 
properly normalized sum in most situations tends toward a normal distribution even if the original variables themselves 
are not normally distributed. As such, qu follows the lognormal distribution for a given curing time, with the following 
PDF: 
       (4) 
where the parameters  and , which are essentially the mean and standard deviation of ln(qu), can be obtained 
from the relations: 
        (5)  
         (6) 
in which and  represent the mean value (i.e. expectation) and standard deviation of qu, respectively. Therefore, 
two parameters of fitted lognormal distribution may be determined by the values of  and . To check the vali-
dation of the normal assumption of the term ln(qu), the Monte-Carlo simulation technique with 10
4
 realizations is used: 
according to the normal distribution, 10
4
 random seeds of w and c are generated (see Figures 2a and 2b). One can obtain 
s = 1 – c – w based on the phase relationship shown in Figure 1, and the histogram of s is shown in Figure 2c. Then, 
substituting each set of random seed for s, w and c into Eq. 3 so that a sample of 10
4
 ln(qu) values can be obtained, 
whereby the Kolmogorov–Smirnov test can be conducted for the normal assumption of the term ln(qu). Figure 3 shows 
the resultant histograms of qu and ln(qu) from the 10
4
 Monte-Carlo simulations. It can be found that the shape of histo-
gram of qu is lognormal and the histogram of ln(qu) is a bell shape. Kolmogorov–Smirnov test on the histogram shown 
in Figure 3b indicate that the data cannot be rejected for the normal distribution assumption under a significant level of 
0.05.   
   
                  (a)                         (b)                        (c) 
Figure 2. Histograms of (a) mass ratio of water, (b) mass ratio of cement and (c) mass ratio of soil in Monte-Carlo simulations 
  
                          (a)                                 (b)  
Figure 3. Histograms of resultant strength calculated with Eq. 3 from the data shown in Figure 2. (a) Unconfined compressive 
strength qu, (b) ln(qu) 
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Parameters 
q∞ 
（MPa） 
T 
（day） 
α 
（MPa/day） 
r m n s c w 
Mean 40 28 1.3 0.52 0.3 2.92 0.2 0.1 0.3 
Standard deviation/Mean - - - - - - 0.15 0.15 0.15 
Table 1. Input parameters for the case for Monte-Carlo simulation study 
Two methodologies can be found to estimate the two quantities in Eq. 5. The first one is based on field data, and 
the second one is based on binder concentration. 
2.1 Determination of PDF of qu from field data 
Some researchers have been conducted on evaluating the two parameters in Eqs. (5) and (6) (e. g.
[21,29-31]
,). Lars-
son’s (2001) approach[29] involves extraction of soil samples from field deep mixing columns using split-tube-sampler. 
Larsson’s (2001, 2005a, 2005b) work[21,29,30] demonstrates the feasibility of studying the uniformity of binder contents 
in a cement-admixed column using the statistical analysis. The mean value and variance is given by  
          (6) 
As shown in Figure 4, the samples are numbered from the centre of the column, i = 0 to 5. The samples are drawn 
in three directions from the centre of the co  represents the area ratio 
which the samples represent. 
 
Figure 4. Layout of the sample locations and the area ratio (Modified from [31]) 
2.2 Determination of PDF of qu from mix ratio 
As given in Eqs. 2 and 3, the statistical characteristics of qu can been derived from those of three mass ratios; 
namely, c, w and s. As discussed earlier, these three mass ratios can be treated as equally variable. Various researchers 
have examined the variability of the binder concentration, which is directly related to the mass ratio of cement. 
The binder concentration of DM columns is known to be highly variable (e.g.
[17-19, 21-24,32]
), but much remains uncertain 
about the nature of the variation. Since these three mass ratios are not independent as they have the relation of c+w+s=1, 
two independent state variables can be used sufficiently. Following the form of Eq. 2, the state variables can be selected 
as s/c and w/c.
[31]
 has conducted centrifuge model tests to capture the variability in s/c and w/c. Table 2 listed a set of s/c 
and w/c values from centrifuge model tests. Thus, if the statistical characteristics of the mix ratio are controllable, the 
PDF of qu is predictable and controllable as well. It is complex task to control the variability in the mix ratio, especially 
considering the mix quality. In
[28]
, it found that the blade rotation number is a good index to be related to the variation in 
mass ratio of cement, and the established a predictive formula between the coefficients of variation of mass ratio of ce-
ment and the blade rotation number. However, it is not an easy task to reflect the curing effect from centrifuge model 
tests. In this study, a statistical evaluation model for the time-dependent strength of cement-admixed marine clay is dis-
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cussed. 
 
No. s/c w/c No. s/c w/c No. s/c w/c 
1 4.25 3.15 14 7.27 5.36 27 4.47 3.28 
2 4.94 3.56 15 7.09 5.25 28 4.45 3.27 
3 4.79 3.47 16 4.51 3.31 29 4.61 3.37 
4 4.37 3.22 17 6.53 4.92 30 5.41 3.85 
5 7.07 5.24 18 7.33 5.4 31 6.46 4.87 
6 6.87 5.12 19 6.25 4.75 32 4.45 3.27 
7 8.59 6.16 20 4.19 3.12 33 6.41 4.84 
8 4.52 3.31 21 4.16 3.09 34 6.37 4.82 
9 4.57 3.34 22 6.57 4.94 35 6.69 5.01 
10 4.65 3.39 23 6.45 4.87 36 6.45 4.87 
11 4.45 3.27 24 6.78 5.07 37 4.34 3.2 
12 4.51 3.3 25 6.96 5.18 38 4.45 3.27 
13 4.36 3.22 26 6.93 5.16 39 4.28 3.17 
Table 2. Database of state variables from centrifuge model tests (after [31]) 
3. Time-dependent PDF of qu 
One of the advantage of the strength function Eq. 2 over Eq. 1 is that the former takes the curing time effect into 
account. As a result, the strength is time-dependent, and the PDF of qu is also time-dependent. Based on the input pa-
rameters shown in Table 1, one can plot the PDFs at various curing time. For instance, Figures 5a, 5b and 5c show the 
PDFs at 7, 28, and 90 days of curing time. It can be found from those figures that, with the increase of curing time, the 
PDF shifts towards right and also the variation becomes greater. In other words, the mean and variance of the PDF 
are both varying. This problem can be simplified by considering the form of Eq. 3; that is, considering the term ln(qu). 
For a given curing time, the sources of variation resulted from the mix ratio; whereas, for a fixed mix ratio, the variation 
resulted from the curing time. In other words, the term  in Eq. 3 is time-dependent, and the terms 
,  and  depend on the state variables. Thus, with the increase of curing time, the variance of 
Eq. 3 will keep unchanged; whereas, the mean value will change as a result of the change in the term . 
Therefore, when considering the term ln(qu), only the mean value is varying. Geometrically speaking, the PDF of ln(qu) 
is purely shift along the strength direction, while the shape keep unchanged. This can be illustrated by Figure 6, where 
the curing time of 7, 28 and 90 days are considered. It can be seen from Figure 6 that the PDF shape keeps unchanged. 
Recall that if one consider Eq. 2, both the mean and variance are time-dependent. Thus, by considering Eq. 3, the 
time-dependent PDF reduces from a second-order problem to a first-order problem. The variance of Eq. 3 is time invar-
iant, which can also be proofed analytically as shown below. 
Considering two different curing time but with the same mix ratio with Eq. 2: 
(7) 
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(8) 
The mean and standard deviation of Eqs. 8 and 9 can be written as 
 (9) 
(10) 
(11) 
(12) 
where μ and σ are the expectation and standard deviation operators, respectively. The COV of qu1 and qu2 can 
therefore be calculated as: 
(13) 
 (14) 
where δ denotes the COV operator. By comparing Eqs. 10 and 11, one can find that, with the increase of curing 
time, the COV is invariant. Thus, Eq. 6 is invariant with time, and the shape of the PDF of ln(qu) is therefore invariant 
with time.   
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                    (a)                      (b)                       (c) 
Figure 5. Histograms of unconfined compressive strength at various curing time (a) 7 days, (b) 28 days and (c) 90 days 
 
                    (a)                       (b)                       (c) 
Figure 6. Histograms of natural logarithm of unconfined compressive strength at various curing time (a) 7 days, (b) 28 days and 
(c) 90 days 
4. Conclusions 
This study introduces the derivation of a statistical framework for strength prediction for DCM treated soft clay. 
The PFD of the strength of cement improved soft soil may be assumed to follow a lognormal distribution. The probabil-
ity density function of the strength is a time-dependent variable, so that the curing time effect can be accounted for. In 
this time-dependent model, only the mean value of the probability density function is varying; as a result, the model is 
first-order in terms of the varying terms, which is relatively simple compared to other second-order models. The engi-
neering implications of this study lie in the evaluation of the non-uniformity of cement-admixed marine clay. As the mix 
ratios can be reflected by centrifuge model tests (e.g. [28]) and the curing time effect is considered by [16] and 
[9]
, the 
proposed model is able to predict the strength of the cement improved soil prior to construction. This is likely to benefit 
the quality control of a deep cement mixing project as well as design for the underground construction such as deep 
excavation and tunnelling.   
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